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ON THE EXISTENCE OF THREE NON-NEGATIVE SOLUTIONS FOR
(p, q)-LAPLACIAN SYSTEM
DEBANGANA MUKHERJEE AND TUHINA MUKHERJEE
Abstract. The present paper studies the existence of weak solutions for
(P)


(−∆)s1p1u = λf1 (x, u, v) + g1(x, u) in Ω,
(−∆)s2p2v = λf2 (x, u, v) + g2(x, v) in Ω,
u = v = 0 in RN \ Ω,
where Ω ⊂ RN is a smooth bounded domain with smooth boundary, s1, s2 ∈ (0, 1),
1 < pi <
N
si
, i = 1, 2, fi and gi has certain growth assumptions for i = 1, 2. We prove
existence of at least three non negative solutions of (P) under restrictive range of λ using
variational methods. As a consequence, we also conclude that a similar result can be
obtained when we consider a more general non local operator Lφi instead of (−∆)
si
pi
in
(P).
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1. Introduction
In the present article, we study the following non-local system of semilinear elliptic
equations:
(P)


(−∆)s1p1u = λf1 (x, u, v) + g1(x, u) in Ω,
(−∆)s2p2v = λf2 (x, u, v) + g2(x, v) in Ω,
u = v = 0 in RN \ Ω,
where Ω ⊂ RN is a smooth bounded domain in with smooth boundary, s1, s2 ∈ (0, 1),
1 < pi <
N
si
, i = 1, 2, the operators (−∆)sipi for i = 1, 2 are defined as:
(−∆)sipiu(x) = limε→0
∫
RN\Bε(x)
|u(y)− u(x)|pi−2(u(y)− u(x))
|x− y|N+sipi
dy, x ∈ RN , (1.1)
and the functions fi, gi, i = 1, 2 are Carathe´odory functions, fi : Ω × R
+ × R+ → R+,
gi : Ω × R
+ → R+ satisfying some appropriate conditions which are mentioned in next
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section. When s1 = s2 the equation reduces to a (p, q) Laplacian problem which appears
in a more general reaction-diffusion system
ut = div(a(u)∇u) + g(x, u) (1.2)
where a(u) = |∇u|p−2∇u+ |∇u|q−2∇u. Such problems have a wide range of applications
in physics and related sciences such as biophysics, plasma physics, and chemical reaction
design, etc. where u describes a concentration, and the first term on the right-hand side
of (1.2) corresponds to a diffusion with a diffusion coefficient a(u); the term g(x, u) stands
for the reaction, related to sources and energy-loss processes. A lot of attention has been
given to the study of (p, q)-Laplace equations in the last few years, for instance refer
[12, 10, 13, 15, 16, 17].
Recently, the research community of partial differential equations has been attracted
towards the study of fractional (p, q)-Laplacian problems and hence, a good amount of
literature has been constructed related to this. We start from the article of Chen and
Bao [6] where they studied existence, nonexistence and multiplicity of the following (p, q)-
fractional Laplacian equation over RN ,
(−∆)spu+ a(x)|u|
p−2u+ (−∆)squ+ b(x)|u|
q−2u+ µ(x)|u|r−2u
= λh(x)|u|m−2u, x ∈ RN ,
with appropriate assumptions on the variables and functions. Next, Bhakta and Mukherjee
[2] studied the following problem in a bounded domain
(−∆u)s1p u+ (−∆u)
s2
q u = θV (x)|u|
r−2u+ |u|p
∗
s1
−2u+ λf(x, u) in Ω,
u = 0 in RN \ Ω,
where 0 < s2 < s1 < 1 < r < q < p < N/s1, p
∗
s1 =
Np
N−s1p
, si ∈ (0, 1) for i = 1, 2 and
V and f are some appropriate functions. They proved that there exist weak solutions of
the above problem for some range of λ, θ. Also, for V (x) ≡ 1, λ = 0 and assuming certain
other conditions on n, q, r, they proved the existence of catΩ(Ω) non negative solutions by
using Lusternik-Schnirelmann category theory. Using the Nehari manifold technique, Goel
et. al [11] proved multiplicity results for the following problem over bounded domain
(−∆u)s1p u+ (−∆u)
s2
q u = λa(x)|u|
δ−2u+ b(x)|u|r−2u in Ω, (1.3)
u = 0 in RN \ Ω,
where 1 < δ ≤ q ≤ p < r ≤ p∗s1 , 0 < s2 < s1 < 1, N > ps1, β > 0 and a, b are sign changing
functions. Under appropriate conditions on the parameters, they discuss both sub critical
and critical case in the article and also establish that any weak solution of (1.3) belongs
to L∞(Ω) ∩ C0,αloc (Ω) for α ∈ (0, 1) when 2 ≤ q ≤ p < r < p
∗
s1 . Regularity results for the
equation
(−∆u)spu+ (−∆u)
s
qu = f(x, u) in R
N ,
where 0 < s < 1 and 2 ≤ q ≤ p < N/s has been studied in [1]. Alves, Ambrosio and Isernia
dealt with the following class of problems
(−∆u)spu+ (−∆u)
s
qu+ V (ǫx)(|u|
p−2u+ |u|q−2u) = f(u) in RN ,
in [4], where 0 < s < 1 and 2 ≤ q ≤ p < N/s. Imposing appropriate assumptions on
V and f , authors proved existence of ground state solution concentrating on a minimum
point of V , multiplicity of solutions using Lusternik-Schnirelmann category theory and
boundedness of solutions. Very recently, an eigenvalue problem for fractional (p−q) Laplace
operator has been studied by Nguyen and Vo in [14] which is of independent interest. A
class of variable exponent (p, q)-fractional Laplacian problems with variable exponents and
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indefinite weights has been studied in [8]. We also cite [5, 18] as some recent articles in
this context for interested readers.
The essence of our article lies in the fact that we study a system of equation with frac-
tional (p, q)-Laplace operator over a bounded domain which is first of its kind in literature
where we establish existence of three non trivial solutions to (P). The approach is varia-
tional and inspired by the articles [3, 19] and adapted in the fractional framework. In the
same article, we motivate that this problem can be extended to considering more general
non local operator Lφi instead of (−∆)
si
pi .
This article has been fragmented into five sections- Section 2 contains preliminaries,
assumptions on fi and gi and statements of main results of our article. Proof of Theorem
2.2 is given in Section 3. We have proved Theorem 2.3 in Section 4. Lastly, section 5
comprises proof of Theorem 2.4.
Notations- a ∨ b = max{a, b}, a ∧ b = min{a, b}, |u|r =
(∫
Ω |u(x)|
r dx
) 1
r for any r > 1.
2. Preliminaries
In this section, we define appropriate function spaces which are required for our analysis.
Let p > 1, s ∈ (0, 1), N > ps, p∗s :=
Np
N−sp .We denote the standard fractional Sobolev space
by W s,p(Ω) endowed with the norm
‖u‖W s,p(Ω) := ‖u‖Lp(Ω) +
(∫
Ω×Ω
|u(x)− u(y)|p
|x− y|N+sp
dxdy
)1/p
.
We set Q := R2N \ (Ωc × Ωc), where Ωc = RN \ Ω and define
Xs,p(Ω) :=
{
u : RN → R measurable
∣∣∣u|Ω ∈ Lp(Ω) and
∫
Q
|u(x)− u(y)|p
|x− y|N+sp
dxdy <∞
}
.
The space Xs,p(Ω) is endowed with the norm defined as
‖u‖s,p := |u|p +
(∫
Q
|u(x)− u(y)|p
|x− y|N+sp
dxdy
)1/p
.
We note that in general W s,p(Ω) is not same as Xs,p(Ω) as Ω × Ω is strictly contained in
Q. We define the space X0,s,p(Ω) as
X0,s,p(Ω) :=
{
u ∈ Xs,p : u = 0 a.e. in R
N \ Ω
}
or equivalently as C∞0 (Ω)
Xs,p(Ω)
. It is well-known that for p > 1, X0,s,p(Ω) is a uniformly
convex Banach space endowed with the norm
‖u‖0,s,p =
(∫
Q
|u(x)− u(y)|p
|x− y|N+sp
dxdy
)1/p
.
Since u = 0 in RN \Ω, the above integral can be extended to all of RN . The embedding
X0,s,p(Ω) →֒ L
r(Ω) is continuous for any r ∈ [1, p∗s] and compact for r ∈ [1, p
∗
s). Moreover,
for 1 < q ≤ p, X0,s1,p(Ω) ⊂ X0,s2,q(Ω) (see Lemma 2.2 in Section 2 of [2]).
Let us recall some topological tools which will be used to study our problem (P).
Definition 2.1. (Nehari Manifold): Let J ∈ C1(X,R) be such that J ′(0) = 0, then the
constraint set
N := {u ∈ X :
〈
J ′(u), u
〉
= 0, u 6= 0}
is called a Nehari manifold of X.
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Definition 2.2. Let X be a Banach space, η : X → R be a function. For c ∈ R, let us
consider the punctured level set of η at c by
Lcη =
{
u ∈ X : η(u) = c, u 6= 0
}
.
We say Lcη has the sphere property, if the following hypotheses are satisfied:
(i) η ∈ C(X);
(ii) there is a homeomorphic mapping between Lcη and the unit sphere of X;
(iii) for any fixed u ∈ X \ {0}, there exists a unique tu ∈ (0,∞) such that f(tuu) = c;
(iv) X is separated into two open connected subsets by Lcη and the origin is contained
in one of these subsets.
Theorem 2.1. Let X,Y be Banach spaces with the following direct sum decomposition:
X = X1 ⊕X2, Y = Y1 ⊕ Y2,
where X1, Y1 are finite dimensional subspaces of X,Y respectively. Let η ∈ C(X), κ ∈
C(Y ), c, d ∈ R and Lcη, L
d
κ have the sphere property. Let (ex, ey) ∈ X2 × Y2 such that
η(ex) > c and κ(ey) > d. Let us denote
QX =
{
u+ tex : u ∈ X1 ∩BR1 , t ∈ [0, 1]
}
,
QY =
{
v + sey : v ∈ Y1 ∩BR2 , s ∈ [0, 1]
}
,
NX21 = L
c
η ∩X2, N
Y2
2 = L
d
κ ∩Y2, Q = Q
X ×QY and N = NX11 ×N
X2
2 . Then, ∂Q links N .
2.1. Assumptions on fi and gi, i = 1, 2. We assume the following:
(A1) There exists a function F ∈ C1(Ω× R×R,R) such that(
∂F
∂u
(x, u, v),
∂F
∂v
(x, u, v)
)
=
(
f1(x, u, v), f2(x, u, v)
)
, for all (x, u, v) ∈ Ω× R× R.
(A2) For i = 1, 2, gi ∈ C(Ω¯×R
+,R+) and there exist constants qi ∈ (pi, p
∗
i ) and Ci > 0
such that
|g(x, u)| ≤ Ci
(
|u|pi−1 + |u|qi−1
)
for all (x, u) ∈ Ω× R+.
(A3) There exists constant αi > p1 ∨ p2 such that
0 < αiGi(x, u) ≤ ugi(x, u) for (x, u) ∈ Ω× (R
+ \ {0}),
where Gi(x, u) =
∫ u
0 gi(x, τ) dτ ; i = 1, 2.
(A4) There holds for i = 1, 2,
lim sup
u→0
gi(x, u)
|u|pi−2u
< λ1,pi uniformly w.r.t x ∈ Ω,
where λ1,pi are the first eigenvalue of (−∆)
si
pi in X0,si,pi , that is,
λ1,pi = inf
u∈X0,si,pi\{0}
‖u‖pi0,si,pi
|u|pipi
.
(A5) There holds,
gi(x, u)
up−1i
is an increasing function ofu ∈ R+ \ {0}.
(A6) There exists constant q ∈ (1, p∗1 ∧ p
∗
2) and C3 > 0 such that
|f1(x, u, v)| + |f2(x, u, v)| ≤ C3
(
|u|q−1 + |v|q−1 + 1
)
.
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(A7) There exist βi ∈ (1, α1 ∧ α2) for i = 1, 2, C4 > 0, R > 0 such that,
uf1(x, u, v) + vf2(x, u, v) ≤ C4
(
|u|β1 + |v|β2
)
for |u|+ |v| ≥ R.
(A8) There holds
lim sup
|u|
p1
p1
+|v|
p2
p2
→∞
(p1 ∨ p2)F (x, u, v)
|u|p1 + |v|p2
≤ h(x) uniformly for a.e. x ∈ Ω.
for some h ∈ L∞(Ω).
A model example satisfying (A1) to (A8) can be taken as
F (x, u, v) = uq−2v2 + vq−2u2,
for x ∈ Ω and u, v > 0. Then, we have,
f1(x, u, v) =
∂F
∂u
(x, u, v) = (q − 2)uq−3v2 + 2uvq−2,
and
f2(x, u, v) =
∂F
∂v
(x, u, v) = 2vuq−2 + (q − 2)vq−3u2.
Choosing qi ∈ (p1∨p2, p
∗
1∧p
∗
2) for i = 1, 2, we can take g1(x, u) = u
q1−1 and g2(x, v) = v
q2−1
for x ∈ Ω and u, v > 0. Our first main result in the article is the following:
Theorem 2.2. Let fi, gi satisfy (A1)-(A7) for i = 1, 2, together with the condition
fi(x, u, 0) = fi(x, 0, v) = 0, for i = 1, 2, (2.1)
for a.e. x ∈ Ω, for all u, v ∈ R+. Also, we assume F ∈ C1(Ω×R+×R+,R) in (A1). Then,
there exists Λ > 0 such that for any λ ∈ (0,Λ), system (P) has atleast three non-negative
solutions. Moreover, if both the problem, for i = 1, 2,
(P ′)
{
(−∆)sipiu = gi(x, u) in Ω,
u = 0 in RN \ Ω,
have a unique positive solution, then for any λ ∈ (0,Λ), system (P) has at least three
non-negative solutions; among them, one is nontrivial positive solution.
We shall prove the existence of weak solutions of (P) for λ = 1, g1 ≡ 0 ≡ g2 by means
of variational methods in the space X := X0,s1,p1(Ω)×X0,s2,p2(Ω) endowed with the norm
given by ‖(u, v)‖ = ‖u‖0,s1,p1 + ‖v‖0,s2,p2 for all (u, v) ∈ X.
Definition 2.3. An element (u, v) ∈ X is said to be a weak solution of (P) if (u, v) satisfies〈
J ′(u, v), (w, z)
〉
= 0 for all (w, z) ∈ X.
Our second main out-turn in the article is the following.
Theorem 2.3. Let λ = 1, g1 ≡ 0 ≡ g2 and f1, f2 satisfy (A1) with assumption F ∈
C1(Ω × R+ × R+,R), (A6), (A8) and h(x) ≤ λ¯ in Ω and h(x) < λ¯ on a subset of Ω with
positive measure, λ¯ = min{λ1,p1 , λ1,p2}; λ1,pi’s are defined in (A4). Then, there exists a
weak solution (u, v) ∈ (X0,s1,p1(Ω)×X0,s2,p2(Ω)) of (P).
Remark 2.1. We may consider more general nonlocal operator, for example, we consider
the following system of non-local quasilinear elliptic equations:
(Q)


−Lφ1u = f1 (x, u, v) in Ω,
−Lφ2v = f2 (x, u, v) in Ω,
u = v = 0 in RN \ Ω,
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where the operators Lφi , i = 1, 2 are defined by:
〈−Lφ1u,w〉 =
∫
R2N
φ1(u(x) − u(y))(w(x) − w(y))K1(x, y) dxdy,
and
〈−Lφ2u,w〉 =
∫
R2N
φ2(u(x)− u(y))(z(x) − z(y))K2(x, y) dxdy,
for all w, z ∈ C∞c (Ω), the functions φi, i = 1, 2 are assumed to be continuously differentiable
satisfying φi(0) = 0, i = 1, 2,
the function t 7→ tφi(t) is convex, (2.2)
and there exists γi > 0, i = 1, 2 such that
1
γi
|t|pi ≤ φi(t)t ≤ γi|t|
pi , for all t ∈ R,
and Ki : R
N → R are assumed to be measurable, symmetric and satisfy for some δi ≥ 1,
1
δi|x− y|N+sipi
≤ Ki(x, y) ≤
δi
|x− y|N+sipi
, (2.3)
for all x, y ∈ RN . With this in hand, we have the following outcome.
Theorem 2.4. Let λ = 1, g1 ≡ 0 ≡ g2 and f1, f2 satisfy (A1),(A6), (A8) and h(x) ≤
λ¯
max{γ1,γ2}
in Ω and h(x) < λ¯max{γ1,γ2} on a subset of Ω with positive measure, λ¯ =
min{λL1,p1 , λ
L
1,p2}; λ
L
1,pi
’s are defined by
λL1,pi = infu∈X0,si,pi\{0}
〈−Lφiu, u〉
|u|pi
pi .
Then, there exists a weak solution (u, v) ∈ (X0,s1,p1(Ω)×X0,s2,p2(Ω)) of (Q).
3. Proof of Theorem 2.2
For i = 1, 2, let us first define the functional Ji : X0,si,pi → R by
Ji(u) =
1
pi
‖u‖pi0,si,pi −
∫
Ω
Gi(x, u) dx, u ∈ X0,si,pi
where Gi’s are defined in (A3 ). Let us denote the Nehari manifold of Ji on X0,si,pi by Ni
for i = 1, 2 that is
Ni =
{
u ∈ X0,si,pi \ {0} : ‖u‖0,si,pi =
∫
Ω
gi(x, u)u dx
}
.
We prove the following result.
Theorem 3.1. Let gi for i = 1, 2 satisfy (A2)-(A5). For i = 1, 2, let ei ∈ X0,si,pi be such
that Ji(ei) > 0. Let us define
Q :=
{
λ(e1, 0) + (1− λ)(0, e2) : λ ∈ [0, 1]
}
⊂ X
and N = N1 ×N2, where Ni’s are defined above. Then ∂Q links N .
Proof. We prove this result in two steps.
Step-1. The Nehari manifold Ni’s both have the sphere property. The proof is similar
to the proof of Lemma 4.1 of [9], on page 72, where the functional ϕ is replaced with Ji.
So we omit it.
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Step-2. We note that Ji’s satisfy the following for i = 1, 2,
Ji(u) =
{
0, u = 0,
> 0, u = ei.
By assumption (A3), we can get that uαi ≤ CGi(x, u) for some constant C > 0 where
(x, u) ∈ Ω× R+. This gives that lim
t→∞
Ji(tei) = −∞ since αi ∈ max{p1, p2} from which we
note that there exists ti ∈ (0, 1) such that
〈
J ′i(tei), ei
〉
=


0, t = ti,
> 0, 0 < t < ti,
< 0, ti < t <∞.
Hence, we have, 〈J ′i(ei), ei〉 < 0. Using Step-1 along with Theorem 2.1 we conclude that
∂Q links N . 
With this machinery in hand, we commence to prove our first main result.
Proof of Theorem 2.2. We prove this result in three steps. To prove this result, we will
use Theorem 3.1 to the functional Ji. In the first step, we show that J satisfies Palais-
Smale condition. Then, in the next step, for the functional Ji, we consider the few critical
levels and values corresponding to Ji. With these critical values in hand, we prove that
infimum over such Nehari manifolds for the functionals J1 and J2 are achieved and they
form two solutions to our problem. Using these, we will construct a set Q (defined in
Theorem 3.1) such that Q links Ni. Lastly, we prove the existence of our third solution
using our step-(1). This yields our result.
Step-1. Let us consider the cone X+ = {(u, v) ∈ X : u, v ≥ 0} and define the following
J : X+ → R by
J(u, v) = J1(u) + J2(v)− λ
∫
Ω
F (x, u, v) dx for all (u, v) ∈ X+. (3.1)
In this step, we show that J satisfies (PS) condition. Let {(un, vn)} ⊂ X
+ be a sequence
such that
{J(un, vn)}n≥1 is bounded, J
′(un, vn)→ 0, n→∞. (3.2)
Then there exists C5 > 0 such that J(un, vn) ≤ C5 for alln ∈ N, that is,
J1(un) + J2(vn)− λ
∫
Ω
F (x, un, vn) dx ≤ C5 for alln ∈ N, (3.3)
and ∣∣∣∣ 〈J ′(un, vn), (un, vn)〉‖(un, vn)‖
∣∣∣∣ < 1 for largen ∈ N,
that is,
|
〈
J ′(un, vn), (un, vn)
〉
| ≤ ‖(un, vn)‖ for largen ∈ N. (3.4)
We first realise that using (A7) and continuity of fi, we get
F (x, u, v) = F (x, 0, 0) +
∫ 1
0
d
dt
F (x, tu, tv) dt
= F (x, 0, 0) +
(∫ R
|u|+|v|
0
+
∫ 1
R
|u|+|v|
)
(f1(x, tu, tv)u + f2(x, tu, tv)v) dt
≤ F (x, 0, 0) + C ′ + C4(|u|
β1 + |v|β2), for (x, u, v) ∈ Ω× R+ × R+
(3.5)
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for some constant C ′ > 0. Let r ∈ (p1 ∨ p2, α1 ∧ α2). Then using the above estimate with
(3.2), (3.3) and the assumptions (A1)-(A7), we obtain for large n,
C5 +
1
r
‖(un, vn)‖ ≥ J(un, vn)−
1
r
〈
J ′(un, vn), (un, vn)
〉
= J1(un) + J2(un)− λ
∫
Ω
F (x, un, vn) dx
−
1
r
{
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
− λ
∫
Ω
[
unf1(x, un, vn) + vnf2(x, un, vn)
]
dx
−
∫
Ω
[
ung1(x, un) + vng2(x, vn)
]
dx
}
=
(
1
p1
−
1
r
)
‖un‖
p1
0,s1,p1
+
(
1
p2
−
1
r
)
‖vn‖
p2
0,s2,p2
+ λ
[ ∫
Ω
1
r
(
unf1(x, un, vn) + vnf2(x, un, vn)
)
dx−
∫
Ω
F (x, un, vn) dx
]
−
[ ∫
Ω
(
G1(x, un)−
1
r
un g1(x, un)
)
dx+
∫
Ω
(
G2(x, vn)−
1
r
vn g2(x, vn)
)
dx
]
≥
(
1
p1
−
1
r
)
‖un‖
p1
0,s1,p1
+
(
1
p2
−
1
r
)
‖vn‖
p2
0,s2,p2
+ λ
[ ∫
Ω
1
r
[
unf1(x, un, vn) + vnf2(x, un, vn)
]
dx−
∫
Ω
F (x, un, vn) dx
]
+
(α1 − r)
r
∫
Ω
G1(x, un) dx+
(α2 − r)
r
∫
Ω
G2(x, vn) dx
≥
(
1
p1
−
1
r
)
‖un‖
p1
0,s1,p1
+
(
1
p2
−
1
r
)
‖vn‖
p2
0,s2,p2
+ C6(|un|
α1
α1 + |vn|
α2
α2)
− λC7(|un|
β1
β1
+ |vn|
β2
β2
)− C8
This implies,
C5 +
1
r
‖(un, vn)‖ ≥
(
1
p1
−
1
r
)
‖un‖
p1
0,s1,p1
+
(
1
p2
−
1
r
)
‖vn‖
p2
0,s2,p2
− C9. (3.6)
It is easy to verify that ap1 + bp2 ≤ 2(a + b)max{p1,p2} for any a, b ∈ R+ which applied to
(3.6) yields that {(un, vn)} is bounded in X
+ since min{p1, p2} > 1. Therefore, up to a
subsequence, we may assume that there exists (u, v) ∈ X+(since X+ is a closed subspace
of X) such that (un, vn) ⇀ (u, v) weakly in X
+, un → u strongly in L
γ1(RN ), vn → v
strongly in Lγ2(RN ) for γi ∈ [1, p
∗
i ), i = 1, 2. Also we assume that (un, vn) → (u, v) as
n→∞ pointwise a.e. in Ω. This immediately implies,∣∣∣∣
∫
Ω
g1(x, un)(un − u) dx
∣∣∣∣ ≤ |g1(·, un)|q′1 |un − u|q1 → 0 asn→∞,
where q′1 =
q1
q1−1
. We also note that,∣∣∣∣
∫
Ω
g2(x, vn)(vn − v) dx
∣∣∣∣ ≤ |g2(·, vn)|q′2 |vn − v|q2 → 0 asn→∞,
∣∣∣∣
∫
Ω
f1(x, un, vn)(un − u) dx
∣∣∣∣ ≤ |f1(·, un, vn)|q|un − u|q → 0 asn→∞,
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∫
Ω
f2(x, un, vn)(vn − v) dx
∣∣∣∣ ≤ |f2(·, un, vn)|q|vn − v|q → 0 asn→∞.
These together with (3.2) implies,
∫
Ω
|un(x)− un(y)|
p1
|x− y|N+s1p1
dxdy +
∫
Ω
|vn(x)− vn(y)|
p2
|x− y|N+s2p2
dxdy
−
∫
Ω
|un(x)− un(y)|
p1−2(un(x)− un(y))(u(x) − u(y))
|x− y|N+s1p1
dxdy
−
∫
Ω
|vn(x)− vn(y)|
p2−2(vn(x)− vn(y))(v(x) − v(y))
|x− y|N+s2p2
dxdy
→ 0 asn→∞,
that is,
〈(un, vn), (un, vn)− (u, v)〉X,X′ → 0 asn→∞. (3.7)
Hence, using (3.7), we obtain,
‖(un, vn)− (u, v)‖ → 0 asn→∞.
which implies that (un, vn)→ (u, v) strongly in X as n→∞. Therefore, we conclude that
J satisfies the (PS) condition.
Step-2. Let us define for i = 1, 2,
c∗i := inf
u∈Ni
Ji(u), c
∗∗
i := inf
u∈X0,si,pi\{0}
max
t≥0
Ji(tu), ci = inf
γ∈Γi
max
t∈[0,1]
Ji(γ(t))where
Γi :=
{
γ ∈ C([0, 1],X0,si ,pi) : γ(0) = 0, Ji(γ(1)) < 0
}
.
We have the following: ci is a critical value of Ji and c
∗
i = c
∗∗
i = ci > 0. The proof is
similar to the proof of Theorem 4.2 of [9], on page 73. So we omit it.
Step-3. From Step-2, we have that ci’s are the critical values of Ji for i = 1, 2. Therefore,
there exists u¯ ∈ N1 and v¯ ∈ N2 such that
J1(u¯) = c1, J2(v¯) = c2 and J
′
1(u¯) = 0 = J
′
2(v¯).
Hence, we obtain, (u¯, 0) and (0, v¯) as non-negative solutions of


(−∆)s1p1u¯ = g1(x, u¯) in Ω,
(−∆)s2p2 v¯ = g2 (x, v¯) in Ω,
u¯ = 0 = v¯ in RN \ Ω,
(3.8)
Since (2.1) holds, we conclude that (u¯, 0) and (0, v¯) are non-negative solutions of (P) with
J(u¯, 0) = J1(u¯) = c1 andJ(0, v¯) = J2(v¯) = c2.
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To obtain the third non-negative solution, let us consider the term J(tu¯, sv¯) for t, s ≥ 1
given by
J(tu¯, sv¯) = J1(tu¯) + J2(sv¯)− λ
∫
Ω
F (x, tu¯, sv¯) dx
=
1
p1
‖tu¯‖p10,s1,p1 +
1
p2
‖sv¯‖p20,s2,p2 −
∫
Ω
G1(x, tu¯) dx−
∫
Ω
G2(x, sv¯) dx
− λ
∫
Ω
F (x, tu¯, sv¯) dx
=
tp1
p1
‖u¯‖p10,s1,p1 +
sp2
p2
‖v¯‖p20,s2,p2 −
∫
Ω
G1(x, tu¯) dx−
∫
Ω
G2(x, sv¯) dx
− λ
∫
Ω
∫ 1
0
[
tu¯f1(x, rtu¯, rsv¯) + sv¯f2(x, rtu¯, rsv¯)
]
drdx
≤
tp1
p1
‖u¯‖p10,s1,p1 +
sp2
p2
‖v¯‖p20,s2,p2 − C
(
|tu¯|α1α1 + |sv¯|
α2
α2
)
+ C
≤ C(t+ s)p1∨p2 − C(t+ s)α1∧α2 + C,
with some generic constant C > 0 (independent of t, s but depends on u¯, v¯). Therefore,
there exists a L > 0 such that,
J(tu¯, sv¯) < 0 for all s, t with s+ t ≥ L. (3.9)
Let Q :=
{
(tLu¯, sLv¯) ∈ X : (t, s) ∈ [0, 1] × [0, 1]
}
and N = N1 ×N2. We observe that,
J1(Lu¯) = J(Lu¯, 0) < 0 and J2(Lv¯) = J(0, Lv¯) < 0.
Hence, applying Theorem 2.1 we assert that ∂Q links N .
Claim. For λ > 0 small enough,
sup
∂Q
J(u, v) < inf
N
J(u, v).
Proof of Claim. We know from the definition of ci, c
∗∗
i , as in Step-2, that
inf
u∈X0,si,pi\{0}
max
t≥0
Ji(tu) = c
∗∗
i = ci = Ji(u¯) ≤ max
t∈[0,1]
Ji(tLu¯).
By virtue of (3.9) and since ci > 0 from Step-2, we obtain
sup
(u,v)∈∂Q
J(u, v) ≤ c1 ∨ c2 for allλ > 0. (3.10)
For (u, v) ∈ N , using (A3) we see that
J1(u) ≥
(
1
p1
−
1
α1
)
‖u‖p10,s1,p1 , J2(v) ≥
(
1
p2
−
1
α2
)
‖v‖p20,s2,p2 .
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Using (3.5), we infer that for (u, v) ∈ N∫
Ω
F (x, u, v) dx ≤ C10 + C4
(
|u|β1α1 |Ω|
1−
β1
α1 + |v|β2α2 |Ω|
1−
β2
α2
)
≤ C10 + (C11|u|α1 + C12|v|α2) , using Young’s inequality
≤ C10 +
∫
Ω
G1(x, u) dx+
∫
Ω
G2(x, v) dx
≤ C10 +
1
α1
∫
Ω
ug1(x, u) dx+
1
α2
∫
Ω
vg2(x, v) dx, from (A3)
= C10 +
‖u‖p10,s1,p1
α1
+
‖v‖p20,s2,p2
α2
From the above estimates, if we assume λ < min
{
α1−p1
p1
, α2−p2p2
}
then for any (u, v) ∈ N
we have that
J(u, v) ≥ J1(u) + J2(u)− λC10 +
λ‖u‖p10,s1,p1
α1
+
λ‖v‖p20,s2,p2
α2
≥
(
1−
λp1
α1 − p1
)
J1(u) +
(
1−
λp2
α2 − p2
)
J2(v)− λC¯
≥
(
1−
λp1
α1 − p1
)
c1 +
(
1−
λp2
α2 − p2
)
c2 − λC¯
for some C¯ > 0. Let us take
Λ = min
{
α1 − p1
p1
,
α2 − p2
p2
,
c1 + c2 − (c1 ∨ c2)
p1c1
α1−p1
+ p2c2α2−p2 + C¯
}
.
then it is easy to see that whenever λ ∈ (0,Λ),
c1 ∨ c2 <
(
1−
λp1
α1 − p1
)
J1(u) +
(
1−
λp2
α2 − p2
)
J2(v)− λC¯ ≤ J(u, v), (3.11)
for all (u, v) ∈ N which implies,
inf
(u,v)∈N
J(u, v) ≥ c1 ∨ c2. (3.12)
Using (3.12), we have from (3.10) that,
sup
(u,v)∈ ∂Q
J(u, v) ≤ inf
(u,v)∈N
J(u, v).
Let us define c¯ := inf
γ∈Γ
sup
(u,v)∈Q
J(γ(u, v)), where
Γ :=
{
γ ∈ C(Q,X) : γ|∂Q = Id|∂Q
}
.
c¯ ≥ inf
(u,v)∈N˜
J(u, v) > c1 ∨ c2
and c¯ is a critical point of J . Hence, (P ′) has at least three non-negative solutions for
λ ∈ (0,Λ). Furthermore, if the system (P ′) have a unique positive solution for i = 1, 2,
the third non-negative solution of (P ′) is positive because if one of the component of third
solution is zero, then the value of J is either c1 or c2 which is a contradiction. 
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4. Proof of Theorem 2.3
This section consists of the study of (P) with g1 ≡ 0 ≡ g2 and λ = 1 that is
(P0)


(−∆)s1p1u = f1 (x, u, v) in Ω,
(−∆)s2p2v = f2 (x, u, v) inΩ,
u = v = 0 in RN \Ω,
where fi’s are assumed to satisfy the condition (A1), (A6) and (A8). Moreover, we suppose
that h(x) ≤ λ¯ in Ω and h(x) < λ¯ on a subset of Ω having positive measure, where
λ¯ = min
i=1,2
{λ1,pi}. Now we head to prove Theorem 2.3, so we need the following lemma.
Lemma 4.1. Let h ∈ L∞(Ω) with the properties that h(x) ≤ λ¯ and h(x) < λ¯ on a subset
of Ω with positive measure. Then, there exists M > 0 such that
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
−
∫
Ω
h(x)(|u|p1 + |v|p2) dx ≥ 2M
(
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
)
. (4.1)
Proof. Suppose (4.1) is not true. Then, for each n ∈ N, there exists (un, vn) ∈ X such that
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
−
∫
Ω
h(x)
(
|un|
p1 + |vn|
p2
)
dx <
1
n
for alln ∈ N,
and
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
= 1. (4.2)
Therefore, we have,
lim
n→∞
(
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
−
∫
Ω
h(x)
(
|un|
p1 + |vn|
p2
)
dx
)
= 0. (4.3)
Since ‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
= 1, so {un} is bounded in X0,s1,p1 and {vn} is bounded in
X0,s2,p2 . Therefore, up to a subsequence, we may assume that there exists u ∈ X0,s1,p1 and
v ∈ X0,s2,p2 such that
un ⇀ u weakly inX0,s1,p1 andun → u strongly in L
p1(Ω),
and
vn ⇀ v weakly inX0,s2,p2 and vn → v strongly in L
p2(Ω).
As h ∈ L∞(Ω), we obtain
lim
n→∞
∫
Ω
h(x)
[
|un|
p1 + |vn|
p2
]
dx =
∫
Ω
h(x)
[
|u|p1 + |v|p2
]
dx. (4.4)
Using (4.2) and (4.4), from (4.3), we have,
1 = lim
n→∞
(
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
)
=
∫
Ω
h(x)
[
|u|p1 + |v|p2
]
dx. (4.5)
Since un ⇀ u in X0,s1,p1 and vn ⇀ v in X0,s2,p2, by the property of weak lower semiconti-
nuity of norm, we get,
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
≤ lim inf
n→∞
(
‖un‖
p1
0,s1,p1
+ ‖vn‖
p2
0,s2,p2
)
. (4.6)
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Combining (4.5), (4.6) and using the definition of λ1,p1 , λ1,p2 we have,
λ¯
(
|u|p1p1 + |v|
p2
p2
)
≤ λ1,p1 |u|
p1
p1 + λ1,p2 |v|
p2
p2
≤ ‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
≤
∫
Ω
h(x)
(
|u|p1p1 + |v|
p2
p2
)
dx
≤ λ¯
(
|u|p1p1 + |v|
p2
p2
)
.
Hence, we have, ∫
Ω
(
λ¯− h(x)
)
(|u|p1p1 + |v|
p2
p2) dx = 0.
As h(x) < λ¯ on a set of positive measure, this yields us, |u| = 0 = |v| a.e. in Ω. This
contradicts (4.5). This concludes our result. 
Proof of Theorem 2.3. Let us consider the functional I : X → R corresponding to (P0)
defined by
I(u, v) =
1
p1
‖u‖p10,s1,p1 +
1
p2
‖v‖p20,s2,p2 −
∫
Ω
F (x, u, v)dx, for all (u, v) ∈ X.
We will show that I has a critical point in X using usual variational technique which in
turn will be a solution of (P0).
Coercivity of I. We note that
I(u, v) ≥
1
p1 ∨ p2
(
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
)
−
∫
Ω
F (x, u, v)dx. (4.7)
By assumption (A8), there exists a function l ∈ L1(Ω) such that
F (x, u, v) ≤
(
h(x) + λ¯M
)(|u|p1 + |v|p2)
p1 ∨ p2
+ l(x) for all (u, v) ∈ X (4.8)
and M is given in Lemma 4.1. Hence, we have,∫
Ω
F (x, u, v) dx ≤
∫
Ω
h(x)
(
|u|p1 + |v|p2
)
+
λ¯M
p1 ∨ p2
∫
Ω
(|u|p1 + |v|p2) +
∫
Ω
l(x) dx. (4.9)
Using (4.9), from (4.8) we obtain using Lemma 4.1 that,
I(u, v) ≥
1
p1 ∨ p2
(
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,q
−
∫
Ω
h(x)(|u|p1 + |v|p2)− λ¯M(|u|p1p1 + |v|
p2
p2)
)
− |l|1
≥
1
p1 ∨ p2
(
2M(‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
)− λ¯M(|u|p1p1 + |v|
p2
p2)
)
− |l|1
≥
M
p1 ∨ p2
(
‖u‖p10,s1,p1 + ‖v‖
p2
0,s2,p2
)
)
− |l|1.
(4.10)
Inequality (4.10) implies I is coercive.
Weak lower semicontinuity of I. By assumption (A16) we have that
F (x, u, v) ≤ F (x, 0, 0) +
∫ 1
0
(f1(x, tu, tv)u + f2(x, tu, tv)v) dt
≤ F (x, 0, 0) +
C3
q
(
|u|q−1u+ |v|q−1v + |u|q−1v + |v|q−1u+ u+ v
)
This implies that for some constant C > 0 such that∫
Ω
F (x, u, v) dx ≤ C
(
1 + |u|q + |v|q + |u|1 + |v|1 +
∫
Ω
(|u|q−1v + |v|q−1u) dx
)
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Our next aim is to show that (u, v) 7→
∫
Ω F (x, u, v) dx is weakly lower semicontinuous.
Infact, we will show that if (un, vn)⇀ (u, v) weakly in X then,
lim
n→∞
∫
Ω
F (x, un, vn) dx =
∫
Ω
F (x, u, v) dx.
As 1 < q < p∗1 ∧ p
∗
2, by compact embedding, up to a subsequence, we know that
(un, vn)→ (u, v) strongly in L
q(Ω)× Lq(Ω). (4.11)
Thus, we note that for some constant C > 0 which may vary at each step,∣∣∣∣
∫
Ω
F (x, un, vn) dx−
∫
Ω
F (x, u, v) dx
∣∣∣∣
≤
∫
Ω
∣∣F (x, un, vn)− F (x, u, v)∣∣ dx
≤
∫
Ω
∣∣∣∣
∫ 1
0
[Fu(x, tun + (1− t)u, tvn + (1− t)v)(un − u)
+ Fv(x, tun + (1− t)u, tvn + (1− t)v)(vn − v)] dt
∣∣∣∣ dx
≤
∫
Ω
∣∣∣∣
∫ 1
0
[f1(x, tun + (1− t)u, tvn + (1− t)v)(un − u)
+ f2(x, tun + (1− t)u, tvn + (1− t)v)(vn − v)] dt
∣∣∣∣ dx
≤ C
∫
Ω
∫ 1
0
(
|tun + (1− t)u|
q−1 + |tvn + (1− t)v|
q−1 + 1
)(
|un − u|+ |vn − v|
)
dtdx
≤ C
∫
Ω
(
|un|
q−1 + |vn|
q−1 + |u|q−1 + |v|q−1 + 1
)
(|un − u|+ |vn − v|) dx
≤ C
(∫
Ω
(|un|
q + |vn|
q + |u|q + |v|q + 1) dx
) q−1
q
(∫
Ω
(|un − u|
q + |vn − v|
q) dx
) 1
q
→ 0 as n→∞,
where we have used Ho¨lder inequality in the last step, used the fact that un, vn are bounded
sequences in Lq(Ω) and un → u and vn → v in L
q(Ω). Finally, as norm is weakly lower
semicontinuous, so we get that I is weakly lower semicontinuous. From X being a reflexive
Banach space, it follows that I has a minimum at some point (u0, v0) ∈ X, say. We note
that by assumption (A1), F is differentiable. Therefore, I must continuously differentiable
on X. Since I has a minimum at (u0, v0), so we have, I
′(u0, v0) = 0. Hence, it is noted
that ∫
R2N
|u0(x)− u0(y)|
p1−2(u0(x)− u0(y))(w(x) − w(y))
|x− y|N+s1p1
dxdy
+
∫
R2N
|v0(x)− v0(y)|
p2−2(v0(x)− v0(y))(z(x) − z(y))
|x− y|N+s2p2
dxdy
=
∫
Ω
u0f1(x, u0, v0) dx+
∫
Ω
v0f2(x, u0, v0) dx
which suggests that (u0, v0) is a solution of (P). This finishes our proof.
5. Proof of Theorem 2.4
This section is devoted to the proof of Theorem 2.4 which goes hand in hand with the
proof of Theorem 2.3. For the sake of completeness, we provide the proof. Let us consider
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the energy functional I¯ : X → R defined by
I¯(u, v) = J¯(u, v) −
∫
ΩF (x, u, v)dx for all (u, v) ∈ X,
where
J¯(u, v) =
∫
R2N
φ1
(
u(x)− u(y)
)
(u(x)− u(y))K1(x, y) dxdy
+
∫
R2N
φ2
(
v(x)− v(y)
)
(v(x) − v(y))K2(x, y) dxdy,
for all (u, v) ∈ X. By the condition (2.2) and (2.3) defining φi and Ki, i = 1, 2, we note
that J¯ is convex and lower semicontinuous. By assumption (A2), F is weakly continuous.
Hence, I¯ is weakly lower semicontinuous. By assumption (A1), there exists a function
l ∈ L1(Ω) such that
F (x, u, v) ≤
(
h(x) + λ¯M
)(|u|p1 + |v|p2)
p1 ∨ p2
+ l(x) for all (x, u, v) ∈ Ω× R×R,
and M is given in Lemma 4.1.
Hence, we have,∫
Ω
F (x, u, v)dx ≤
∫
Ω
h(x)
( (|u|p1 + |v|p2)
p1 ∨ p2
)
+
λ¯M
p1 ∨ p2
∫
Ω
(|u|p1 + |v|p2) +
∫
Ω
l(x) dx. (5.1)
Using (5.1), (2.2) and (2.3), we obtain, as above,
I(u, v) ≥
M
p1 ∨ p2
(
‖u‖p20,s1,p2 + ‖v‖
p2
0,s2,p2
)
− |l|1, (5.2)
concluding I is coercive. As F and φi’s are continuously differentiable, by assumption
(A1), I¯ ′ is continuous. Hence, there exists (u0, v0) ∈ X such that
I¯(u0, v0) = min
(u,v)∈X
I¯(u, v) and I¯ ′(u0, v0) = 0.
which yields, ∫
R2N
φ1
(
u0(x)− u0(y)
)
(w(x) − w(y))K1(x, y) dxdy
+
∫
R2N
φ2
(
v0(x)− v0(y)
)
(z(x) − z(y))K2(x, y) dxdy
=
∫
Ω
f1(x, u0, v0)w(x) dx +
∫
Ω
f2(x, u0, v0)z(x) dx,
(5.3)
for all w, z ∈ X. Therefore, (u0, v0) is a solution of (Q).
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